Index Terms-Electron beam instabilities, linear induction accelerators (LIAs).

I. INTRODUCTION
T WO linear induction accelerators (LIAs) have been in operation at the Dual Axis Radiographic Hydrodynamic Test (DARHT) facility at the Los Alamos National Laboratory [1] , [2] , and now, a new multipulse LIA is being designed. For the new accelerator, the ferrite cores of DARHT-I will be replaced with enough Metglas to provide a four-pulse operation. However, the proposed cavity shape and materials of the new accelerator cell are identical to the DARHT-I cell in order to have exactly the same well-known RF cavity-mode properties [3] - [5] . These cavity modes are responsible for the beam breakup (BBU) instability. For radiography LIAs, BBU is particularly troublesome, because even if it is not strong enough to destroy the beam, the high-frequency BBU motion can blur the source spot, which is time-integrated over the pulsewidth.
The initial design for the new LIA had a 2-kA, 3-MeV injector, and 36 cells, each producing a 250-keV beam-loaded accelerating potential, for a final energy of 12 MeV [6] . Even with lower injector energy (1.5 MeV) and more cells (44), an initial assessment of beam dynamics issues, including the BBU, concluded that the new accelerator could Manuscript received January 14, 2016; revised April 19, 2016 ; accepted May 16, 2016 . Date of current version July 7, 2016 . This work was supported by the National Nuclear Security Administration within the U.S. Department of Energy under Contract DE-AC52-06NA25396.
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Digital Object Identifier 10.1109/TPS.2016.2571123 achieve radiographic performance equivalent to the DARHT-I LIA [7] . More recently, the design requirements for the new LIA have been revised to increase the final energy to 20 MeV. Therefore, we are extending our initial assessment to include 20-MeV architectures. Since the most dangerous instability for high-current electron linacs is the BBU instability [8] - [10] , we have performed more detailed calculations of this instability in order to determine if there is a preferred architecture option for the suppression of BBU. The BBU instability is the result of the beam deflection by transverse magnetic (TM 1n0 ) modes of the accelerating cavities, which impresses an RF oscillation on the beam position. In an LIA, the cavities are separated by the lengths of the beam pipe in which the cavity modes are cut off, so the cavities can only communicate via beam centroid oscillations. Each successive cavity reinforces the beam oscillation, which eventually grows exponentially under the right conditions. Beam focusing between cells reduces the oscillation amplitude, but if it is not strong enough, the cavity amplification wins out.
The initial assessment of BBU in the new LIA used the theoretical predictions of maximum amplitude [11] as a basis for scaling experimental results from DARHT-I to the new LIA accelerator. This was a convenient and conservative approach for an initial assessment, but it should be revisited, because the higher beam energy of the present design requires significantly more cells. Furthermore, for practical reasons, the magnetic focusing field tune 1 for the present design may be quite different compared with that was assumed in [7] . Finally, even though it has been experimentally validated [12] - [14] , the asymptotic formula for BBU growth may be questionable for this assessment because of the following.
1) The theory of Neil et al. [9] assumes that all the beam focusing elements are exactly the same and independent of beam energy. Thus, it is only valid for coasting beams in a field uniform in z, or tunes for which the focusing field is proportional to momentum. 2) The theory of Caporaso and Chen [10] assumes a continuous magnetic field and continuous acceleration, unlike the discrete acceleration and interrupted magnetic field of DARHT-I. 3) Neither theory allows for breaks in the magnetic field where B = 0, such as that existing on DARHT. Indeed, the asymptotic expression for the growth exponent in [9] 1 The variation of the focusing field with axial position is often called the tune of an LIA.
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blows up for these LIAs, because it is proportional to the average of 1/B over z and B ≈ 0 in some of the drift regions between cell blocks. 4) Neither theory considers focusing by the accelerating gaps, which are electrostatic lenses or the effects of the fields of the beam image on the beam pipe. 5) Neither theory suggests BBU attenuation by sufficiently strong focusing fields. Therefore, we have reexamined the BBU problem using the linear accelerator model for DARHT (LAMDA) beam dynamics code [15] , [16] , along with contemporary parameters for the new LIA. LAMDA has been benchmarked against the analytic theory, against the Lawrence Livermore National Laboratory breakup code, and against the experimental data, as we will show. In Section II, we briefly describe the LAMDA BBU computational algorithm. The validation with experimental data from the DARHT accelerators is presented in Section III. Using LAMDA, we examine the BBU growth in the prevailing new architecture options in Section IV, and discuss some of the consequences in Section V. Finally, Section VI provides the conclusion.
II. THEORY
An effective means for simulating a beam with the parameters that vary during the pulse is to subdivide it into noninteracting disks, and independently solve the appropriate beam dynamics equation for each, assuming no interactions between disks. For example, this approach gives the beam envelope as a function of the time measured back from the beam head if the envelope equation is solved for each disk using parameters (e.g., beam current) that vary during the pulse [17] . The algorithms in LAMDA solve improved equations for both the beam envelope and the beam centroid motion for each disk [18] . The BBU algorithm in LAMDA then applies the kick due to a cavity in each disk as it passes through a cell. The details of these algorithms are given in Appendix A.
A. Example
The analytic theory [9] , [10] , [19] predicts that the maximum amplitude of the BBU asymptotes after a large number
, where subscript zero denotes initial conditions and γ is the relativistic mass factor. 2 The exponent in this equation is the maximum growth factor
where I is the beam current in kA, Z is the transverse coupling impedance in Ohms/cm, B is the solenoidal guide field in kG, and indicates an average over the cells. To demonstrate the agreement of LAMDA with the analytic theory, [15] provides the example of a 4-MeV beam coasting through 64 gaps in a constant 1-kG guide field; conditions are Table I [15] . Red line: least square fit to the asymptotic exponential growth. This figure can also be interpreted as a plot versus cell number, since the cells are equally spaced, with gaps at every 50 cm on the abscissa. similar to those assumed by theory. A single-cavity resonance at 500 MHz is assumed. The beam and LIA parameters used for this simulation are listed in Table I . For these parameters, (1) predicts that the maximum amplitude grows as exp kz with k = 5 × 10 −3 cm −1 .
The BBU growth due to an initial step-function beam offset is shown in Fig. 1 . This figure reinforces the notion that the growth only asymptotes to exponential after a sufficient number of cells, in this case more than half the total. The least square fit to the asymptotic growth gives k = 4.9×10 −3 cm −1 , which is in substantial agreement with theory.
III. EXPERIMENTAL VALIDATION
The LAMDA BBU model has been extensively validated by experiments. Experimental data was first compared with LAMDA BBU calculations using the integrated test stand (ITS) accelerator at Los Alamos [20] . The ITS used the DARHT-I injector and an eight-cell block of prototype DARHT-I cells to produce a 4-kA, 6-MeV beam for the initial exploration of beam dynamics concerns for DARHT. ITS had too few cells to validate the asymptotic growth formula (1). However, substantial agreement with LAMDA predictions for the frequency-dependent gain was obtained by [22] , [23] . Red line: least squares fit of the real part of (6) including three terms. Dashed green line: frequency at which BBU growth was calculated using the LAMDA. using a variable frequency tickler to initialize beam centroid oscillations around the resonant frequency of the cavities.
A. DARHT-II Experiments
The asymptotic growth formula (1) was first validated in the experiments on DARHT-II [12] . These experiments were guided by LAMDA calculations [21] based on the data from the cold measurements of the cell impedances [22] . The transverse impedance for DARHT-II is complicated by the following.
1) There are two types of cells; injector cells with a beam tube having a b = 17.8 cm radius and accelerator cells with a beam tube having a b = 12.7 cm radius. 2) The transverse impedance for each type exhibits three pronounced resonances, with Q values so low that there is a significant overlap. Figs. 2 and 3 show the real part of the transverse impedance measurements compared with the fit of (6) used for the simulations. DARHT BBU data were obtained with a number of beam position monitors (BPMs) located throughout the main accelerator. Detectors, cabling, and data recording limited the bandwidth of the BPM system, so only the lowest frequency resonance was investigated. The data were analyzed for a narrow 20-MHz band centered on the lowest 168-MHz resonance, as shown in Figs. 2 and 3 . This is also the frequency for which we calculated the BBU growth using LAMDA, and it is indicated in the figures by a vertical dashed green line.
Various magnetic tunes were used over the course of the experiments in order to obtain data for many different values of beam current and magnetic field. One such tune is shown in Fig. 4 , along with the beam envelope calculated with the code we use for tuning [eXperimental Trace (XTR)] [24] . The analytic theories may be in question in the regions with near zero magnetic fields (between the injector and main LIA, and near the end of the LIA). However, there are no such restrictions on LAMDA. For this tune, the LAMDA prediction for the [22] , [23] . Red lines: least squares fit of the real part of (6) including three terms. Dashed green line: frequency at which the BBU growth was calculated using the LAMDA. maximum BBU amplitude at the TM 110 resonance at 168 MHz is compared with the BPM measurements in Fig. 5 . For this comparison, and all the others described herein, the beam in the LAMDA simulations was initially excited at a single frequency, as if by the tickler in the ITS experiments.
To experimentally test the theoretical prediction for the maximum growth, we combined all the data from many shots with different magnetic tunes by using I N 1/B at each BPM as the independent variable. According to the theory, a semilog plot of ξ √ γ /ξ 0 √ γ 0 should yield a straight line with the slope equal to the transverse impedance. Such a plot is shown in Fig. 6 , along with the 1.84 /cm least square fit to the impedance. The least square fit is very close to the measured value 1.93 /cm shown in Fig. 3 , which confirms that the theoretical asymptotic growth formula can be used to describe the BBU in DARHT-II.
Since these experiments validated the asymptotic growth formula, we have used it to design the BBU resilient tunes for DARHT-II, using magnetic guide fields ramped up to ∼1 kG Fig. 4 . Also shown are the experimental data measured using BPMs throughout the LIA. Fig. 6 . BBU growth in DARHT-II for several shots using different tunes, beam energies, and beam currents. Dashed line: least squares fit to data giving a transverse impedance of 1.84 Ohms/cm (adapted from [12] ).
at the exit of the LIA. With these tunes, the 168-MHz BBU amplitude at the accelerator exit is typically less than ∼30 μm maximum and less than 10 μm rms, which is less than 1% of the beam envelope radius, so it should not seriously enlarge the radiographic source spot size.
B. DARHT-I Experiments
The DARHT-I RF cavity is expected to be replicated on the new LIA, so the most relevant validation of LAMDA would be the data from experiments on DARHT-I. Cold test data for the transverse impedance [5] is shown in Fig. 7 , along with the fitted function used by the LAMDA.
Several BBU experiments have been recently performed on DARHT-I [13] , [14] . The magnetic tune and beam envelope calculated by XTR for one of these experiments, with a 2.9-kA beam, is shown in Fig. 8 . In order to accommodate vacuum pumps and diagnostics, there are long drift regions between eight-cell blocks. In these drifts, the approximations in the theories leading to the asymptotic gain formula are invalid, but the LAMDA algorithm (based on the centroid equations of Real part of the transverse coupling impedance for DARHT-I accelerator cells. Black line: measured data from [5] . Red line: least squares fit of the real part of (6) including two terms. Dashed Green line: frequency at which BBU growth was calculated using LAMDA. The peak transverse impedance of the fitted function is ∼7 Ohm/cm. Fig. 8 . One of the tunes used for the DARHT-I BBU experiments [13] , [14] . Red line: beam envelope. Green line: magnetic guide field on axis (right scale). motion) should be accurate. In Fig. 9 , the LAMDA prediction for this tune is compared with the 2.9-kA BBU data averaged over five shots. Although the LAMDA calculated growth asymptotes to approximately exponential, the modulation due to the periodic drift regions between cell blocks is clearly evident.
The LAMDA calculations agree well with the experimental data for these real-world cases, providing confidence in using the LAMDA to predict the BBU growth.
IV. APPLICATION
Having shown that the LAMDA BBU model is in substantial agreement with the LIA data, we now apply it to the task of comparing the BBU growth for different architectures that might be used. We compared growth for different injector energies and different numbers of cells per cell block.
The multipulse injector presently being developed is expected to produce a beam with energy 2 MeV ≤ E 0 ≤ 3 MeV. Therefore, we investigated 2 and 3 MeV Fig. 9 . BBU growth calculated by LAMDA for the tune shown in Fig. 8 . Also shown are the 2.9-kA experimental data measured using BPMs throughout the LIA. Each individual point is an average of five shots.
as technological limits, in order to determine how advantageous the higher injector energy would be due to the fewer cells required to reach the final energy.
The new cells are ∼50% longer than the DARHT-I cells, necessitating higher pumping speed to maintain the same vacuum. This may require reducing the number of cells in a block to increase the conductance to reduce background pressure as was done on DARHT-II. Therefore, we investigate two cases; eight cells in a block with pumps between each block (as on DARHT-I) and four cells per block as an example of a higher vacuum architecture. The four-cell/block architecture also has some advantages for pulsed-power modularity and operational maintenance, so it was used as the baseline for comparisons.
We also considered the use of interblock magnets to reduce the periodicity in the magnetic tune introduced by the drifts between cell blocks, especially for the four-cell/block options.
To distinguish these four bounding cases from one another, we name them according to the injected energy and the number of cells in a block. For example, 2-4 would have 2-MeV injected energy and four cells in a block. The characteristics of these four system architectures are given in Table II .
In order to systematically assess the influence of the architecture on BBU suppression, we compared these bounding cases using rationally designed magnetic tunes constrained at both the LIA entrance and exit. The constraint at the entrance is that the field be strong enough to stabilize the image displacement instability (IDI) [25] . The constraint at the exit is that the field is a practical limit set by power handling and cooling considerations.
BBU can be suppressed by increasing the magnetic guide field, but this also increases the corkscrew motion [26] , [27] . Theory suggests that a tune with magnetic field increasing as √ γ would minimize the corkscrew associated with the magnetic field required to suppress the BBU growth to a predetermined number of e-foldings [10] . However, for the initial injected energies considered here, it is readily found that with B = B 0 (γ /γ 0 ) 1/2 , where B 0 is the initial field appropriate for matching the low-energy injected beam and preventing IDI, the final field at the accelerator exit is much less than the practical limit, so the tune is not as effective at suppressing the BBU as it could be. Therefore, we use a modified optimum tune, in which the initial field is large enough to stabilize IDI, and the final field does not exceed practical limitations, with the field ramped in proportion to (γ − γ 0 ) 1/2 in between. This tune approximately halves the number of BBU e-foldings, while only doubles the corkscrew growth compared with a tune with B ∝ √ γ . Since we can use corrector dipoles in the cells to reduce the additional corkscrew [28] - [30] , this exponential reduction in BBU appears sensible [7] . The initial field to suppress IDI at 3 MeV is ∼184 G (see Appendix B), so we set the maximum field in the first cell to 260 G for all the cases. The maximum field in the final cell was set to 1500 G, based on the magnet power and cooling engineering margins. 3 The magnetic field tune so derived for the new 2-4 base case is shown in Fig. 10 , and the growth of BBU amplitude calculated by the LAMDA is shown in Fig. 11 , where it is seen that these constraints limit the BBU growth to only ∼2.3 e-foldings. The modulation of the growth rate due to the periodicity of the cell blocks is even more evident for this tune than that on DARHT-1.
We investigated the BBU growth with this tune for each of the architectural options listed in Table II . In Fig. 12 , we show the LAMDA predictions of the BBU amplitude for a 2-MeV injector compared with a 3-MeV injector with the four-cell/block architecture. From this plot, it is clear that there is little difference for the modest changes in injector energy when the initial and final magnetic fields are constrained.
In Fig. 13 , we show a comparison of the four-cell/block architecture with an eight-cell/block layout. Again, there is little difference in the BBU gain.
Finally, we consider a practical layout with a 2-MeV injector and four cell/block tuned for matched transport with initial and final magnetic fields constrained as for the previous comparisons. The four-cell/block layout introduces a strong periodicity in the magnetic guide field, and this periodicity matches the beam envelope wavelength somewhere in the LIA. Therefore, this architecture may be susceptible to the parametric envelope instability discussed in [7] . To prevent this, we included interblock magnets to wash out the guide field modulation. These interblock magnets also help achieve a better tune for the matched beam transport. Moreover, including these magnets also eliminates one of the worries about applying the analytic BBU theory (drift regions), so (1) may be useful for evaluating other tunes during operations.
The tune and resulting beam envelope calculated with XTR are shown in Fig. 14 , and the BBU growth is shown in Fig. 15 . Filling the magnetic field voids with the interblock magnets further suppresses the BBU, as expected. Moreover, the interblock magnets almost completely wash out the modulation of the growth rate due to the block periodicity.
V. DISCUSSION
The results of these simulations are summarized in Table III . Here, as in Figs. 12, 13, and 15, it is obvious that the growth of the BBU is almost the same for all the architectural cases considered. The corkscrew is proportional to the phase advance [27] , which is given by φ = k β dz, where the betatron wavenumber is k β = B/3.4βγ cm −1 with B in kG. Clearly, fewer magnets produce less phase advance, and thus less corkscrew.
As a final note, we consider the consequences of these field constrained tunes on one of the engineering aspects: the power required for the magnetic fields and the cooling needed for the solenoids. Both are proportional to I 2 mag , where I mag is the solenoid current. The magnet power requirements for the field constrained tunes used in this paper are listed in the last row of Table III . Using a higher injector power reduces the magnet power requirement by ∼9%. The addition of interblock magnets increases the power requirements by ∼40%.
By comparison, the DARHT-I tune shown in Fig. 8 only uses 263 kW of magnet power, but has 4.3 e-foldings of growth, further illustrating the tradeoff between the magnet power/cooling and the BBU growth.
VI. CONCLUSION
A major conclusion is that with the tunes constrained by the initial and final magnetic field strengths, the BBU growth is only weakly affected by the injector energy or the number of cells per block. Within the ranges we considered, choices for these architectural parameters can be made based on other considerations without the fear of significantly affecting BBU growth.
The BBU growth can be suppressed by increasing the magnetic field. However, this comes at the cost of more power and cooling for the field solenoids. Since the field scales as the magnet currents and the power scales as square of current, this is a trade that should be carefully considered for any proposed architecture.
No intercellblock magnets are required to suppress the BBU growth to less e-foldings than on DARHT-I. However, the four-cell/block architecture may need these to prevent the parametric envelope instability and to aid beam matching at low energy. Adding these magnets gives ∼20% better BBU suppression at the cost of about a 40% increase in power and cooling requirements.
Finally, the LAMDA has been validated against the experimental BBU data. This beam dynamics code is proving to be a valuable tool for assessing BBU concerns with new LIA architectures. We expect to continue using this code to assess the design of the advanced multipulse LIA as it evolves.
APPENDIX A
The details of the LAMDA algorithms for beam motion and BBU instability are given in this appendix.
A. Centroid Equations of Motion
To model the trajectory of the beam centroid, the LAMDA solves the Lorentz force equation for each disk
and transforms the independent variable from time (t) to position (z) in the lab frame
where the prime symbol denotes d/dz, β = v z /c, and γ = (1 − 1/β 2 ) 1/2 . The electromagnetic fields in these equations include all the external fields (solenoids and gaps) plus the fields of the beam image in the beam pipe and the fields resulting from the curvature of the centroid trajectory [18] .
B. BBU Algorithm
The approach taken by the LAMDA BBU algorithm is to calculate the kick given to a beam disc using a wake function describing the electromagnetic fields generated by the preceding disks interacting with the cavity [31] . This can be expressed as a convolution integral 
w(t − t ) ι(t )ξ(t )dt
where ι is the current normalized to 17.05 kA, ξ is the centroid displacement in centimeter, and the wake function w has the units of cm −2 . In the LAMDA, the right-hand side of (4) is actually solved using the Fourier convolution theorem and fast where F(ω) is the Fourier transform of ι(t)ξ(t), and Z (ω) is the Fourier transform of the wake function w(t). Z (ω) is a complex quantity, commonly known as the transverse coupling impedance, and in the LAMDA, it is represented by a multiple resonance model due to [22] , [23] Z (ω) = 120 d b 2 n η n 1 + i 2Q n (ω/ω n − 1)
where b is the beam pipe radius, d is the accelerating gap width, η n is a cavity form factor for the resonance at frequency ω n , and Q n is the cavity quality factor for the nth resonance. If the units of the pipe radius (b) and accelerating gap (d) are in centimeter, the coupling impedance (Z ) has the units of Ohm/centimeter. In practice, this form is fit to the experimental data, such as in [22] , or to the results of an electromagnetic code, such as AMOS [32] . In what follows, we fit the function to the experimental data, using the DARHT-I data, since we propose to replicate the DARHT-I cavity geometry [6] , [7] .
APPENDIX B
The minimum average field to suppress the IDI as derived in [33] is where g is the gap width, L is the spacing between gaps, b cm is the beam pipe radius in centimeter, and I kA is the beam current in kiloampere. In addition, η is the cell form factor, which is the same as the form factor in the cell transverse impedance [34] Z tr = 120 g cm b 2 cm η /cm.
For DARHT-I and the new accelerator, the accelerating gap is g = 1.91 cm, and the beam tube radius is b = 7.5 cm.
Assuming that the Z tr = 7-/cm DARHT transverse impedance (Fig. 7) is replicated, the form factor would be η = 1.7. With the L = 63.5-cm gap spacing of new LIA and I = 2 kA, the minimum field for a 2-MeV injector would be 156, and 184 G for 3 MeV. These are used for the minimum field in the first cells of the simulations to prevent IDI.
